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0. INTRODUCTION 
We will consider continuous linear operators defined on complex, 
separable Hilbert spaces. If H is a Hilbert space then L(H) will denote the 
algebra of all bounded linear operators on H. We recall from [9] that the 
operators T E L(H) and T’ E L( H’) are said to be quasisimilar if there exist 
continuous operators X: H -+ H’ and Y: H’ + H such that 
(i) XT= T’X, YT’ = TY; 
(ii) X and Y are one-to-one; and 
(iii) X and Y have dense ranges. 
We write T- T’ if T and T’ are quasisimilar. An operator which is one-to- 
one and has dense range is called a quasiaffinity. 
Let us formulate the basic problem to be considered in this paper. 
PROBLEM 0.1. Let T be an operator on H, and let M, and M, be two 
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invariant subspaces for T such that TI M, - TI M,. Does there exist a 
quasiaffinity X commuting with T such that M, = (XM,))? 
We will show that Problem 0.1 always has an affirmative answer if T is 
a direct (orthogonal) sum of a finite number of copies of a Jordan block 
s(0) (see the definition below). This result was conjectured by C. Foias. 
The answer is also in the affirmative if T is an infinite direct sum of 
copies of S(Q), provided that Tl M, (and hence TI M2) has finite cyclic 
multiplicity. 
Problem 0.1 makes sense in finite-dimensional spaces as well. Here 
quasiaffnities are always invertible operators. The answer to Problem 0.1 is 
affirmative if for each eigenvalue i of T, all the Jordan cells with eigenvalue 
2 in the canonical Jordan form of T have the same size (which can vary 
with A). 
Problem 0.1 was suggested by the authors’ work on the tangential 
NevanlinnaaPick problem [IS], and this connection is discussed to some 
extent in Section 4 below. 
1. PRELIMINARIES 
We recall here some relevant facts from the theory of operators of class 
C,. The basic references here are [9, 11, where proofs of all the following 
results can be found. We denote by H’ the Banach algebra of bounded 
analytic functions defined in the unit disc D. An operator TE L(H) is of 
class C, if there exists a homomorphism @: H X -+ L(H) with the following 
properties: 
(i) Il@(u)ll 5 114, u~ff”; 
(ii) Q(x) = T if ~(2) = A,1 E ED; 
(iii) for every h E H the map u -+ Q(u) h is continuous if H c is given 
its weak* topology and H its weak topology; and 
(iv) @ has nontrivial kernel. 
The usual notation for G(u) is Q(u) = u(T)-this is the functional 
calculus introduced in [9]. The kernel of @ has the form 0H” for some 
inner function 8. This function (3 is uniquely determined up to a constant 
scalar factor of absolute value one, and it is called the minimal function of 
T. For two inner functions 8 and cp we will write 0 ( cp if 8 divides cp, we 
write 0 = cp if 0 I cp and cp 18, and we write 8 A cp = 1 if 0 and cp are relatively 
prime. In general, 8 A cp will denote the greatest common inner divisor of 
9 and cp. 
An important class of operators of class C, is that of Jordan blocks 
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which we now define. Let H’ denote the set of power series ,f’(i) = 
~,~ZO a,,i”, i E D, with the property that il,f‘ii’ = C,:~.o (a,,/’ < xx. If u E N ’ 
and f E HZ then USE HZ and liuf‘ll 5 llull Il,f’ll. One can define in particular 
the shift SE L( H’) by S(f = rf, ,fE H’. If (I is an inner function then the 
space OH* is invariant for S, so that H(B) = HZ 0 OH’ is invariant for S*. 
One can define an operator S(0) on H(O) by S(0)* = S * 1 H(B). The 
operator S(0) is called a Jordan block; it is of class C, and it has minimal 
function 0. We summarize in the following statement some of the basic 
properties of Jordan blocks. 
PROPOSITION 1.1. Let HE H T be an inner function. 
(i) The adjo&S(B)* is unitarily equivalent to S(c)-), where O- is 
defined by O-(A) = 8(l), i E D 
(ii) If cp is an inner divisor qf 0 then cpH* 0 BH* is invariantfor S(6). 
More precisely, 
‘pH* 0 OH* = ran cp(S(0)) = ker(f?/cp)(S(o)). 
(iii) I” cp is an inner divisor of 0 then S(B)JcpH* 0 OH2 is unitarily 
equivalent to S(O/(p), while S(O)* I HZ 0 (pH* = S(q)*. 
(iv) For any function u E H cc we have 
(ran u(S(e)))- = ‘pH* 0 OH*, 
where cp = u A 8. 
A more general family of operators of class C, is that of Jordan 
operators. These operators are of the form @,“=O S(tI,), where { tIi :jzO} 
is a sequence of inner functions satisfying the conditions ei / ei+, , ,j 2 0. The 
following result was first proved in [3]. 
THEOREM 1.2. For every operator T of class C,, acting on a separable 
Hilbert space there exists a unique Jordun operator T’ such that T- T’. 
The Jordan operator T’ given by Theorem 1.2 is called the Jordan model 
of T. 
An operator TEL(H) is said to have finite multiplicity if there exists a 
finite set Fc H such that H = V { TJF: j 2 0}, where “V” denotes closed 
linear span. Such a set F is called a cyclic set; the smallest cardinality of a 
cyclic set is called the multiplicity of T and is denoted pLr. 
PROPOSITION 1.3. Let T be an operator of class C, with Jordan model 
@ ,c O S( tlj). Then p T 5 n if and only if 8, = 1. 
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An important notion related with finite multiplicity is that of determi- 
nant function (see [ 1, Chap. 61). Let T be an operator of class C,, with 
multiplicity n, and let @;:d S(ej) be the Jordan model of T. Then the 
determinant function of T, denoted d,- or det( T), is det( T) = t&e, . .t3, , . 
Clearly det( T) E 1 if and only if T acts on the trivial space (0). The crucial 
property of the determinant is as follows, 
PROPOSITION 1.4. Let TE L(H) be an operator of class Co with finite 
multiplicity, and let H’ c H be an invariant subspace for T. If T’ = TI H’ and 
T” = P,. TI H”, H” = H 0 H’, then det( T) = det( T’) det( T”). 
An immediate consequence of this proposition is as follows. 
COROLLARY 1.5. Let TE L(H) and T’ E L(H’) be operators of class Co 
with finite multiplicities such that det(T) = det(T’), and let X: H -+ H’ 
satisfy XT = T’X. Then X is one-to-one if and only if it has dense range. 
Moreover, if A’ is one-to-one then X is a lattice-isomorphism, i.e., the map 
A4 + (XM)- establishes a bijection between the invariant subspaces of T and 
those of T’. 
One fact that will be used quite often is the following proposition. 
PROPOSITION 1.6. Let T, T’ be operators of class C,, and X a quasi- 
affinity such that XT= T’X. Then T and T’ are quasisimilar. 
We will also need the “continuity” of the Jordan model relative to 
increasing sequences of subspaces (cf. [ 1, Chap. 73). 
THEOREM 1.7. Let TE L(H) be an operator of class Co with Jordan 
model @,YYYO S(t),), and let H, c H be invariant subspaces for T such that 
Hk~Hk+l and H = {H,: k 2 0). Denote by @,Y, S(t?jk’) the Jordan model 
of TJ Hk. Then for each j 2 0, ej is the least common inner multiple of 
{ej"': kZ0). 
We conclude this section with some facts about matrices with entries 
from H”. First we have a basic result of Nordgren [8]. If a,, dl, . . . . 6,- 1 
are functions in H co, we denote by diag(&, a,, . . . . 6,-i) the n x n matrix 
6, 0 .” 0 
0 6, .” 0 
i I 
. . . . . . . 
i il .” i,, 
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THEOREM 1.8. Let A he un n x n mutri.v owr H ‘ .such that det( A ) f 0. 
und let 0 he un inrwfimction. There r.yist inner fiowtions a,,, 6, . . . . . (i,, , and 
n x n matrices B, C over H ’ with thcj fhllo\z~ing properties: 
(i) hi ~, 1 s,,for,j= I, 2, . . . . n ~ 1; 
(ii) BA = diag(S,, (5,) ,_., 6,, ,) C; und 
(iii) 0 A det(B)sH A det(A)= 1. 
Finally we have de description of the invariant subspaces of 
s(e)“~)=s(e)@s(e) 0 ‘.’ OS(6r) (cf. C91). 
II times 
We will use the notation 
H’“‘=H@H @ ... OH. 
II tmles 
THEOREM 1.9. Let 0 he an inner ,function, n an integer, and M an 
invariant suhspace,for S(d)(‘). There exists an n x n matrix A over H T’ such 
that 
(i) A(H’)‘“’ is a closed space containing B(H2)(“‘, and 
(ii) M= A(H”)‘“’ @ O(H2)(“‘. 
2. UNIFORM JORDAN OPERATORS OF FINITE MULTIPLICITY 
In this section 9 will be a fixed inner function, 8 # 1, n an integer, 
T= S(O)‘fl’, and H = H(f9)(n) (T is a uniform Jordan operator). We denote 
by {T}’ the set of operators commuting with T. 
LEMMA 2.1. Let Mc H he an invariant subspace for T, and let 
@:I: S’(e,) be the Jordan model of TJ M. There exists a quasiaffinity 
XE {T}’ such that (XM)- = @l=d [(O/O,) HZ 0 QH*]. 
Proof. Let A be an n x n matrix over H” satisfying properties (i) and 
(ii) of Theorem 1.9. Next, let do, 6,, . . . . 6,, 1 be inner functions, and B, C 
matrices over H’ satisfying conditions (i), (ii), and (iii) of Theorem 1.8. 
The matrices A, B, and C determine operators U, X, and Y, respectively, 
in {T}’ by 
Uh = PH Ah, Xh = PH Bh, Yh = P,, Ch, h E H. (2.2) 
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The condition BA = diag( &,, 6,) . . . . 6,, ~ , ) C is then seen to imply 
(2.3) 
Let us note that X and Y are in fact quasiaflinities. (This proof is in [7], 
but we include it here for the reader’s convenience.) Indeed, if B’ denotes 
the algebraic adjoint of B we have BB’ = B’B = uZ,~, with u = det( B). Thus 
if X’ denotes the operator on H induced by B’ using a formula analogous 
to (2.2), then XX’ = X’X= u(T). Now u(T) is a quasiaffinity since 
8 A u = 1, and we conclude immediately that X must be a quasiaffinity as 
well. The proof that Y is a quasiaffinity is identical. 
The relation M = A( H2)‘“’ 0 0( H2)(‘) shows that A4 = ran U, so that by 
(2.3) and Proposition l.l(iv) we have 
(XM)- = (XUH) 
([ 
n-l 
= @ S,(S(O)) YH 
j=O I ) 
t,- I 
= @ (ran6i(S(0)))p 
j=O 
,1- 1 
= 0 ($$Z* 0 8H2), 
j=O 
where i/jj=S, A 0, so that Il/jp,/$i, j-l,2 ,..., n-l. Now, TIM is 
quasisimilar by Proposition 1.6 to TI (XA4) ~, so that TI A4 is quasisimilar 
to @r:-,’ S(e/$,). This last operator is a Jordan operator and the unique- 
ness of the Jordan model implies that $j 5 0/q,, j = 0, 1, . . . . IZ - 1. Q.E.D. 
COROLLARY 2.4. Under the asumptions of Lemma 2.1, let T, denote 
the compression of T to H 0 M. Then the Jordan model qf T, is 
og; s(eie,_ ,-,I. 
Proof: Let X be the quasi-affinity provided by Lemma 2.1, and denote 
M’= @r:d [(e/e,) H* 0 6H2]. We note first that 
x ‘(M’)=M. (2.5) 
Indeed [X(X--‘(M’))]- = M’ and X-‘(M’) 2 M; the equality (2.5) 
follows from the fact that X is a lattice-isomorphism (see Corollary 1.5). 
Now (2.5) immediately implies that the map X,: H 0 A4 + H 0 M’ 
defined by X, = P, o M,XI H 0 A4 is a quasiaffinity. In fact it is obvious X, 
has dense range, and (2.5) shows that X, is one-to-one. Moreover, we have 
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X, T, = T’, X, , where T’, is the compression of T to H 0 M’, and hence T, 
and T; are quasisimilar by Proposition 1.6. Now, T’, is nothing but 
By:, s(O/Oj) which is unitarily equivalent to the Jordan operator 
0::; S(HIQ, , I ). Q.E.D. 
We are now ready for the main result of this section. 
THEOREM 2.6. Let M, and M, be invariant subspaces ,for T such that 
TI MI - TIM,. There exists a quasiaffinity XE {T}’ such that (XM,) = 
Mz. 
Proof Let @lid s(tI,) be the common Jordan model of TIM, and 
TI M2, and set M= @y&,’ [(O/I,) H2 0 t3H2]. By Lemma 2.1, there exists 
a quasiaflinity X, = {T}’ such that (X, M,)) = M. The proof will be 
concluded if we can prove the existence of a quasiaffinity X2 E {T}’ such 
that (X,M) = M,; indeed it will suffice to set X=X,X,. To prove the 
existence of X2 we note that Lemma 2.1 and Corollary 2.4 can be applied 
to T* and H 0 M, to yield an operator X;E {T*}’ such that 
[X,*(H 0 M,)] ~ = H 0 M. Clearly then X2 E {T}’ and X2Mc M2. Thus 
Y = X2 1 M: M + M, is one-to-one and Y( TI M) = (TI M2) Y. Since Tl M 
and TI M, are quasisimilar operators with finite multiplicity, Corollary 1.5 
implies that Y is a quasiaffinity, and therefore (X2M) ~~ = M,. Q.E.D. 
The above arguments can be applied (in suitably simplified form) to a 
purely algebraic situation. We note here the result and leave the proof as 
an exercise for the interested reader. We do not know whether this fact was 
observed before. 
PROPOSITION 2.1. Let R be a principal ideal domain, J an ideal of R, n 
an integer, and M= (R/J)‘“‘. If M,, M, c M are two isomorphic submodules 
then there exists an automorphism cp of M such that cp(M,) = M,. 
This proposition (and, for that matter, Theorem 2.6) easily implies the 
following result about operators on finite-dimensional spaces. 
PROPOSITION 2.8. Let T be a linear operator on a finite-dimensional 
Hilbert space. Assume that for each eigenvalue i of T, all the Jordan cells 
with eigenvalue 1 in the Jordan canonical form of T have the same size. If 
M, and M, are invariant subspaces for T such that T( M, and T] M, are 
similar, then there exists an invertible operator XE (T)’ such that 
XMI =M2. 
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3. INFINITE MULTIPLICITY 
In this section we consider uniform Jordan operators with infinite multi- 
plicity. Fix an inner function 8, and set T= @,,F’Z= 0 S(0) E L(H), where 
H = @,?Y, H(0). Our main result in this section applies to subspaces M, 
invariant for T, such that TI M has finite multiplicity. 
LEMMA 3.1. Let M c H be an invariant subspace for T such that PTI M = 
n< co. There exists an invariant subspace L for T such that MC L and 
T( L - S(0)(“). 
Proof: Consider the family C of all subspaces L, invariant for T, such 
that MC L and ,LL T, L 5 n. Let { Li: i E I} c C be a family totally ordered by 
inclusion. We claim that L = V ( Li: i E 1> belongs to C. Indeed, since H is 
separable, there exists a sequence {i,: k 2 0) c I such that L, c Lik+, for all 
k, and V {L,: k 2 0} = L. Let @y?, S(0j”)) denote the Jordan model of 
TI L,, and let @,E 0 S(0,) denote the Jordan model of Tj L. By 
Theorem 1.7, we know that 6, is the least common inner multiple for 
{or): k 1 O}. By Proposition 1.3 we have 0:” = 1 for all k, and hence 
8, - 1. Again by Proposition 1.3 we conclude that pTi L I n and hence L E .Z 
as claimed. It follows from Zorn’s lemma that 2 contains a maximal ele- 
ment, and we let L denote such an element. In order to conclude the proof 
we will show that TI L - s(0)@). Assume indeed that T, = @Jn:d S(0,) 
is the Jordan model of TI L. Let X be a quasiafinity such that 
XT, = (T) L) X, let ei be a cyclic vector for S(0,), and set fi= 
X(0@ ... @O@e,@O@ ... 00). Then {f,, f2, . . . . fn} is a cyclic set for 
TIL such that t3,(T)f;=O. FixjE {1,2, . . . . n} and note that Proposition 1.1 
(ii) implies that f, E ker 0,(T) = ran(e/e,)( T) so that there exists gic H 
with f; = (0/0,)(T) g,. The invariant subspace L’ generated by {f,, . . . . f,- 1, 
g,, f, + Iy . . . . f, > clearly contains L and so L’ E z. Since L is maximal we 
must have L’ = L and hence gi E L. Now let h E ker(0/8,)( T) and note 
that (O/0,)( T)( gj + h) = f, ; thus the above argument implies that gj + h E L, 
and hence h E L. We conclude that ker(8/ej)(T) c L, and therefore 
TI ker(8/8,)( T) must have finite multiplicity. Since TI ker(B/B,)( T) is 
unitarily equivalent to the orthogonal sum of infinitely many copies of 
S(e/e,), this operator can have finite multiplicity only if it acts on a trivial 
space, and this only happens when Bj- 8. Thus the Jordan model of TI L 
is s(e)% Q.E.D. 
Our next result is related to [3, Proposition 21 (which is actually proved 
in [Z]). 
LEMMA 3.2, Let L be an invariant subspace of T with the property that 
TI L N S(f9)(“‘. There exists an invariant subspace K for T such that 
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(i) L v K= H: 
(ii) Ln K= :Oj: rmd 
(iii) TI K- T. 
Proob Since (Tl L)* - S(f)- )‘I we see that (TI L)* has multiplicity 11. 
Let {g,, gz, . . . . g,,) be a cyclic set for (Tl L)*, and set L’ = V ( T*kg,: 
1 I i I n, k 2 O>, K = H 0 L’. We will show that K satisfies the conditions 
of our lemma. First we note that conditions (i) and (ii) are equivalent to 
saying that the operator X= P, 1 L’ is a quasiaffinity. To see this we note 
that (TiL)*X=X(T*IL’), and since g,,gz ,..., g,,gL’ and Xg,=g,, we 
conclude that the range of X is dense in L. Indeed, the range of X contains 
XT*“g,=(TlL)*“Xg;=(TlL)*“g:,. 
In order to show that X is one-to-one it suffices by Corollary 1.5 to show 
that det(TlL)-det((T*IL’)*). We have det(TIL)-8”. If By=, s(e,-) is 
the Jordan model of T* 1 L’ we must have 0,- 18 - for all j, and hence 
det(( T* 1 L’)*) = 13,,8, H,, , divides det( TI L). On the other hand, the 
fact that X* is one-to-one implies that (Tl L)* is quasisimilar to some 
restriction of T* / L’, and therefore det( TI L) I det(( T* ) L’)*) by Proposi- 
tion 1.4. Thus we have det( Tl L) = det((T* / L’)*) and X is a quasiaffinity, 
as claimed. 
To prove (iii) we set T’ = TI K and let @ ,‘=” s(0,) be the Jordan model 
of T’, where clearly 0,IO for all ,j. Note that T’ I (ran 0, (T’)) has multi- 
plicity at most j. Since 
(ran !l,(T)Jm =(H,(T) L) v (d,(T) K) 
=(e,(T)L) v (ranti,(T’ 
we conclude that TI (ran H,(T)) has finite multiplicity. By Proposition 1.1, 
TI (ran 0,(T)) is unitarily equivalent to an infinite orthogonal sum of 
copies of s(0/0,), and hence it can have finite multiplicity only when 8, = 0. 
We conclude that T is the Jordan model of TI K. Q.E.D. 
COROLLARY 3.3. Let L be as in Lemma 3.2, and let LO = H(B)‘“‘@ 
{0}0{0}0 ... c H. There exist quasbffinities A’, YE { T}’ such that 
(XL)- =L,, and (YL,)- =L. 
Proof Let K be given by Lemma 3.2, and set L’ = H @ K, K’ = H 0 L. 
We have then L’ v K’ = H, L’ n K’ = {0}, and the operators P,. I L 
and P,,j K are quasiaffinities. We deduce that (T* I L’)* and (T* I K’)* 
have Jordan models S(0)@) and T, respectively. There exist therefore 
quasiaffinities Y,: H(O)“‘)+ L, Y1 : H+ K, X,*: H(fl)‘n)--+ L’ and XT: 
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H+K’ satisfying the conditions Y,S(8)‘“‘=(T\L)Y,, Y,T=(T\K)Y, 
X,*(S(O)@))* = (T* ) L’) X,*, and X:T* = (T* 1 K’) XT. We can then define 
quasiaffinities X, YE {T}’ by 
Y(h,@h,@ . ..)= Y,(h,@h,@ ‘.. Oh,-,) 
+ Y,(h,Oh,,+,O . ..). 
X*(h&h,@ ‘..)=X,*(h,@h,@ ... Oh,,-,) 
+X:(h,Oh,l+,O ...) 
for ho @ h, 0 .. . E H. It is clear that ( YL,)) = L. Finally, since X*L, c L’ 
and X*(H 0 L,) c K’ we conclude that XKc H 0 L, and XL c LO. Since 
det( T 1 L) = det( T 1 L,) = 8”, Corollary 1.5 implies (XL) ~ = L,. Q.E.D. 
THEOREM 3.4. Let M, and M2 he invariant subspaces for T such that 
TIM,- TI M, and TI M, has finite multiplicity. Then there exists a quasi- 
affinity XE {T}’ such that (XIV,) ~ = M,. 
Proof: By Lemma 3.1 there exist invariant subspaces L, 2 M, , L, 1 M, 
for T such that TI L, - Tj Lz - S(0)(“) with n = pTIM,. Let L, be as in 
Corollary 3.3, and let A, BE {T}’ be quasiaffinities uch that (AL,) = L,, 
and (BLJ =L,. Now set M’, =(AM,)) and M;= Be-‘(M,). Since 
BI L,: L, -+ L2 is a quasiaffinity and TI LO has finite multiplicity, BI L, 
must be a lattice-isomorphism by Corollary 1.5. Therefore (B&l;)- = M,. 
We have now M;, M;c LO, and TIM’, - TIM;- TIM,. Theorem 2.6 
implies the existence of a quasiaflinity ZE {T}’ such that ZI H 0 L, = 
I Ho L0, and (ZM;)) = M,. The operator X= BZA satisfies the condition 
of our theorem. Q.E.D. 
4. CONCLUDING REMARKS 
It is easy to see that the conclusion of Theorem 2.6 and, in fact, of 
Proposition 2.8, fails if T is not uniform. Assume for instance that H has an 
orthonormal basis {e, , e,, e3} such that Te, = Te, =0 and Te,=e,, and 
set M, = Cei, M, = Ce,. Then TIM, =O, TIM, =0 but there is no 
similarity XE {T}’ such that XM, = M,. 
As we mentioned in the introduction, Problem 0.1 occurred in the 
authors’ work on interpolation (cf. [4, 51). Thus in [IS] we were led to 
consider the following situation. Let T be an operator on H, MC H an 
invariant subspace for T, and A: M -+ H an operator satisfying 
409:156 l-16 
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ATI M= TA. We define in [S] the number p(A), thought of as a 
generalized spectral radius, by 
p(A) = infj IIXAX ’ 1 XMll: XE {T}‘, Xinvertible}. 
In some instances related to interpolation, A is a natural operator defined 
solely in terms of some interpolation data. Suppose that T= S(c))(‘) and H 
is finite-dimensional. Then Theorem 2.6 shows that p(A) is a quantity 
depending only on the given interpolation data and on the Jordan model 
of TI 44, rather than on the space A4 itself. 
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